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The fundamental theorems on conjugate functions are shown to be valid for 
weak* Dirichlet algebras. In particular the conjugation operator is shown to be 
a continuous map of L’ to Lp for 1 < p < cc, to be a continuous map of L’ 
to Lp, 0 < p < 1, and to map functions in L m to exponentially integrable 
functions. These results allow a number of results for Dirichlet algebras to 
be extended to weak* Dirichlet algebras. 
1. INTRODUCTION 
The theory of weak * Dirichlet algebras developed by Srinivasan 
and Wang [12] h as emerged in recent years as the correct setting for 
many of the central results of abstract analytic function theory. 
However, to extend to weak* Dirichlet algebras some of the more 
interesting results valid for Dirichlet algebras, particularly Devinatz’s 
inversion theorem for Toeplitz operators [2] and his extension to 
Dirichlet algebras [3] of the Helson-Szego theorem [7], it is necessary 
to have a theory of conjugate functions similar to that presented for 
Dirichlet algebras by Devinatz [3]. Although assertions have been 
made, see for example [3] and Ohno [ 111, that such a theory can be 
developed, to our knowledge such a development has never been 
published even for logmodular algebras. 
The fundamental theorems on conjugate functions are in fact 
valid for weak* Dirichlet algebras. However, the proofs of the L1 and 
L” results given in [3] do not adapt directly to this context. Thus it 
was felt it would be of service to present proofs of these results for 
weak* Dirichlet algebras. In Section 5 we indicate that once these 
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results are obtained Devinatz’s arguments can be seen to be valid for 
weak* Dirichlet algebras (as indeed everyone expected). 
2. DEFINITIONS AND PRELIMINARY RESULTS 
DEFINITION 2a. Let (X, m) be a probability measure space and 
let A be a subalgebra of L”(dm) under pointwise operations and 
containing the constants. A is called a weak* Dirichlet algebra if m is 
multiplicative on A; i.e. forf, g E A we have 
/fgdm = /fdm/gdm, 
and if GZ = A + A is a dense subset of L”(dm) where L”(dm) is given 
the weak* topology as the dual of Ll(dm). 
LEMMA 2b. GZ is norm dense in Lp for 1 < p < co. 
Proof. It is enough to verify that if g EL* where (l/p) + (l/q) = 1 
and if 
s gfdm = 0 
all fEO2 (1) 
then g = 0. Since L* C L1 and since CY is weak* dense in L” (1) implies 
that 
s ghdm = 0 
all h eLm 
but this implies g = 0 m-a.e. . 
DEFINITION 2c. For 1 < p < co we define Hz, to be the closure 
of A in Lp. H” is defined as H2 n L”. 
Srinivasan and Wang show that H” can also be characterized by 
either 
or 
H” = HlnL” (2’) 
Ho; is the weak* closure of A in Lm. (2”) 
The following elementary result which is needed later follows by an 
approximation argument. 
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LEMMA 2d. If f E Hr and g E Hs where 1 < r, s < 00 and if 
then fg E HP. 
In particular H” is a subalgebra of L”. 
Let K be any subalgebra of L”(dm) and let OK(f) be the K-spectrum 
of f E K. Let R(f) be the essential range of f and C[R(f )] be the 
closed convex hull of R( f ). Although the following simple result is 
known we have included its proof for the convenience of the reader. 
LEMMA 2e. R(f) C Q(f) C wv-)l~ 
Proof. That R(f) C u(f) is obvious. If X is a homomorphism of K 
into C then, as is well known, 11 X11 = 1. By the Hahn-Banach theorem 
X may be extended to be a linear functional of norm one on L”(dm). 
It is extremely simple to show (see [6, p. 2961) that for 9) ELm(dm) 
where d&x) is a finitely additive measure on the m-measurable sets 
of X, which vanishes on sets of m-measure 0. Since 11 X11 = 1 and 
h( 1) = 1, dpA(x) is a “probability measure.” That a,(f) C C[R(f )] is 
an immediate consequence of this fact. 
The application we shall make of this result is to K = H”. 
Let A, = {f E A; Jf dm = O}. Clearly every f in @ can be written 
in the form f = fi + c + fa where fi , fi E A,, c E @. Since A, and 
A,, are orthogonal subspaces of L 2, this decomposition is seen to be 
unique. For such an f we define 3 = iJ, - ifi . Thus for any f in rY, 
f + zy = 2fi + c E A. Also, if f is real then fi = f2 so f is also real. 
A direct calculation shows lj3j12 < 11 f II2 . Hence, since by Lemma 2b 
CY is dense in L2, we have the following result. 
THEOREM 2f. There is a unique continuous linear mapping “N” 
from L2 to L2 which coincides with “-” previously dejned on OI?. “N” 
is of norm 1 and has the property that f + i3~ H2 for allf E L2. 
We also need the extension of Theorem 2f from p = 2 to all p, 
1 < p < CO. Since the proof in [3] based on an idea of Bochner is 
valid without change for weak* Dirichlet algebras we omit it. 
THEOREM 2g. For each p, 1 < p < CO, there is a unique continuous 
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linear mapping “N” from LP to LP which coincides with “N” previously 
dejned on a. “N” has the property that f + #E HP for all f E Lp. 
Examination of the proof in [3] gives the following bound on the 
norm of this operator. 
COROLLARY 2h. There is a constant M such that 
lI.hl < w?l IMP (3) 
for allf ELP, 1 <p < 00, lip + l/q = 1. 
It is easy to verify that if 1 < p, , p, < co and iff c LPI n Lpe thenf 
is the same regardless of whether f is thought of as belonging to LPI 
or LPe. “N” is called the conjugation operator and 3 is called the 
conjugate function off. 
COROLLARY 2i. There is a finite constant K such that 
llflll G K s, I f(4l log+ IfWl W4 + K 
for all f for which the tight hand side is$nite. 
For the deduction of this result from Theorem 2g and Corollary 2h, 
see Zygmund [15; vol. II, p. 1191. 
3. u E Re L”(dm) 
When u E Re L”(dm) it is necessary to modify substantially the 
arguments used for Dirichlet algebras. 
THEOREM 3a. If u E Re L” then 
exp[z(ff + iti)] 
is an analytic H1-valued function of x for z E C, 1 x I 11 u [IDo < l/e& 
where M1 = 2M + 2 and M is the constant of (3) Section 2. Moreover 
I X exp[z(u +iu’)]dm = exp !zS,u&?r/. (1) 
Proof. Suppose that u E ReL” and that I x I * 1) u Ilm < (1 - .z)/eM, 
for some c > 0. We have 
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By Corollary 2h, since u E,!,~ C Lk we have 
II c Ilk < 2im II u Ilk < zm II 24 llm k = 2, 3,... . 
By Theorem 2g and Lemma 2d (u + iG)k E H1 and 
Il(u + ic)” IL = II u + ic 11; < W II u Ilk k = 2, 3,... . 
For h = 1, II c II1 < II 22 II2 < II u II2 < II u Urn so that 
II u + ifi II1 < 2 II 21 llm 6 MI * 1 II 24 Ilk . 
Thus since k! > (k/e)k it follows that 
from which it follows that exp[z(u + i$)] is an analytic H1-valued 
function for 1 x I . 11 u Ilrn < l/M+ and that for such z (1) is valid. 
The following result is needed in Section 4. 
COROLLARY 3b. If u E Re L” then 
exp[t(u + a)] G-9 
is a continuous H’-valued function oft for t E R. 
Proof. Choose N so large that tN-1 II u /loD < l/Mre then by 
Theorem 3a 
exp[tiV-l(u + izi)] E H1. 
Since, obviously, 
exp[tN-l(u + iU)] EL* 
it follows from (2’) of Section 2 that 
exp[tN-l(u + iU)] E H”. 
Since H” is an algebra 
exp[t(u + iri)] = (exp[tWl(u + iU)]}N 
belongs to H” and a fortiori to H1. That the function (2) is, as a 
function of t, a continuous H1-valued function follows by a simple 
application of the Lebesgue dominated convergence theorem. Note 
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that although (2) is an Ha-valued function of t E R, it is not in general 
continuous. 
THEOREM 3c. Let U be a m-measurable set in X and let 01 = m(U). 
If for B an arbitrary Bore1 set in 02 we set 
n,(B) = m{x E u : f&c) E B}, 
n,(B) = m{x E x\u : Zu(x> E B}, 
we have 
s 
cc sinh cwz 
-cc 




sinh(1 - (~)a 
IImzI <7r. 
--m sinh x 
Proof. By Theorem 3a if x is real, 1 1: 1 < l/Mae, we have 
ez 
s 
eiZf dm + 
s 
&Cl dm = 
s 
ez[x+ilil dm = ezo: 
u X\U X 
Replacing x by --x and taking complex conjugates we obtain 
es2 
s 
eizz dm + 
s 
&R dm = 
I 
ez[-x+@l dm = e-zm 





The terms in (4’) and (4”) are analytic for j x 1 < l/M1e so that by 
analytic continuation both formulas (4’) and (4”) hold in this circle. 
Solving (4’) and (4”) simultaneously yields 
I 
sinh OIZ eid dm = - 
cl sinh z 
and 
eizn dm = sinh(l - dz 
sinh z 
for 1 x j < l/M+ Since 
and 
f 
&.f &,q = 
s 
m eiZt dn,(t), 
KIU --m 
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essentially by the definition of the Lebesgue integral (3’) and (3”) 
hold for 1 x 1 < l/M1e. 
In order to complete our demonstration we need some general 
results concerning integrals of the form 
s m eiZt h(t) = y(z) --m 
where dr(t) is a finite positive measure on the Bore1 sets of R. If this 
integral converges absolutely for z, and x2 , Im zr < Im x2, then 
it converges absolutely for all x in the strip Im x1 < Im z < Im z2 
and v(z) is analytic there. It follows that there exist numbers ---co < 
(or < ~a < +CQ such that the integral converges absolutely for 
ur < Im z < ua and fails converge absolutely if Im x < “I or 
Im z > o’2 . This much the reader can easily verify. A deeper property 
is that the points ia, and iu, are singularities of q(z). See Widder 
[14, 57-591. Combining these facts with those already proved yields 
the conclusion of the theorem. 
This remarkable result shows that the distribution function of 2” 
depends only upon VZ( U). This was originally proved for the circle 
and the line by Stein and Weiss [13] by methods very different from 
those above. The proof above is an extension of a later proof by Stein 
and Weiss and (independently) by Katznelson [lo]. 
THEOREM 3d. If u E ReL” 11 u j14) < 1 then exp(r/2 1 ?z I) ELM. 
Proof. Since exp(rr/2 [ u” I) < exp((rr/2) E) + exp(-(n/2)22) it is 
enough to show that exp((r/2)u”) E L1. Moreover since 1 = 0 we may 
replace the assumption 11 u llco < 1 by 0 < U(X) < A < 2. Fix a 
positive integer N and let E, = {x: U(X) < n/N} n = 0, 1,2,... . 
If x,(x) is the characteristic function of E,\E,-, then 
where v(N) is the smallest integer such that v(N)/N > A (which 
implies that v(N’)/N -+ A as N-t co) and where 11 r(z&, < l/N. 
Choose w < 1 such that Aj2w < 1. By Theorem 3c 
exp ( ) &n E LSN” ?Z=l ,-*a, w 
while by Theorem 3a 
exp(P,) E LNwlM1’ 
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Repeated application of Holder’s inequality shows that exp(T/2)Z will 
belong to L1 if 
and our proof is complete. 
The proof of the following result is left to the reader. 
COROLLARY 3e. The conclusion of Theorem 3a is valid if the 
conduction 1 z / * I[ u/I, < l/eM, z’s replaced by 1 Imz 1 - 11 ul), < 7r/2. 
Clearly Corollary 3e implies Corollary 3b. We have included 
Corollary 3b because it is so simple to prove and because it is the only 
result from this section needed in Section 4. 
The proof of Theorem 3c shows that if x is the characteristic 
function of U, 0 < m(U) < 1, then 
s exp(n 12 I) dm = co. X 
Hence the constant 7r/2 in Theorem 3d and Corollary 3e cannot be 
replaced by a larger constant. 
Although the constant x/2 in Theorem 3d is the best possible 
universal constant, it is not the best constant for each function in 
Re L”. The problem of effectively determining for each u E Re L” the 
quantity 
sup{a; exp(a 1 22 I) EL1} 
has not been solved even for the disk algebra and seems to be relatively 
deep. Partial results on this problem are implicit in the work of Hunt, 
Muckenhaupt and Wheeden [9], and of Douglas and Sarason [5]. 
4. u E Ll(dm) 
LEMMA 4a. For u EL”, u real and nonnegative de$ne f = u + iU. 
Iff< = E + f /(l + cf) where E > 0, then: 
(i) ft E H”; 
(ii) Ref6 > E; 
(iii) I f&41 < If WI + E x E x; 
(iv) limddx) = f (4 m - a.e. . 
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Proof. Corollary 3b implies that g(t) = exp[--t(l + of)] is a 
continuous H1 valued function of t for 0 < t < co. Since 11 g(t)ll, < 
ll-gll$J~ GH;-5 ‘It is. apparenf, see [7, P. 6% that (1 + 4-l = 
E and since by mspection (1 + cf)-’ EL” it follows 
f;om (2’) of SLction 2 that (1 + .z$)-’ E H”. This argument is taken 
from Devinatz [3]. By Theorem 2f, f E H2; hence, by Lemma 2d 
fe E HI, but again since obviously fE EL”, fc E H”. The remaining 
assertions are easily checked. 
A consequence of Theorem 3c is that the conjugation operator is of 
“restricted weak type (1, 1)” [ 131; that is, there is a constant c such 
that for h > 0 
whenever xv is the characteristic function of a measurable subset of X. 
Actually, as we will show, conjugation‘is of “weak type (1, 1)“; that is, 
(1) is valid with xv replaced by u E L1. 
THEOREM 4b. Thme is a unique linear mapping I‘-” defined on L1 
which coincides with “N” de$ned on L*, p > 1 and such that for all 
uEL1,forallh >0, 
64 II u 111 
m(x E x; 1 zi(x)l > A} < ; 7 . 
Proof. Let us begin by supposing that ZJ E Re L”, u(x) 2 0 all 
x E X, and that 11 u l/i = 1. The previous lemma allows us to adapt the 
proof given by Katznelson [lo, p. 661. Pick h > 0. Let hA(z) = 
i + 7rl Log[(z - iA)/(.z + A)]. Let 
H,(z) = Im h,(z) = 1 + + Arg (2). 
h,(z) is analytic for Re z > 0 and bounded for Re x > E for any 
E > 0. It is easy to check that HA(l) < 2/71X and that H,(z) > l/2 
if IzI 2X. 
LetfE be the function defined in the previous lemma. By Lemma 2e 
and (ii) of Lemma 4a, cr(fJ is a compact subset of {z; Re z > E}. The 
functional calculus for Banach algebras [7, Chapter v] implies 
Mf@)) E H” and 
580/16/4-z 
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Taking imaginary parts we obtain 
which in view of our previous remarks implies that 
Letting E -+ 0 and using Lemma 4a we see that 
and since 11 u l/r = 1 
4x : I 6 I > A> < 2 II 11 II1 uEReLm, u 30. 
The restriction that I/ u II1 = 1 can be removed by an evident homo- 
geneity argument. 
Suppose now only that u E ReL”. Let u+ = max(u, 0), u- = 
max( -u, 0), so that u = u+ - u- . Then since 
{x: lzil >h}C x: Iql>; u x: IL1 >; 
I i I 1 
it follows that 
mix : I fi I > A> S 2 II u II1 
Similarly if we require only that u EL” we obtain 
m{x : I ii I > A} < $ II 24 /Il. 
We now turn to the case u E L1. Let {un}T be a sequence of functions 
in L” such that I/ u - u, (jr -+ 0 as n + co. Then 
and since 11 u, - u, ]I1 -P 0 as n, m -+ co the sequence {22,}? converges 
in measure to a function u”. This defines u” for u in Ll. The definition 
is easily seen to be independent of the sequence {tz,}? and to agree with 
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the conjugation operator defined on LP, p G=- 1. Letting n -+ co in the 
inequality 
me : I %I I > 4 G g II %I Ill 
we obtain our desired result. 
COROLLARY 4c. For p, 0 < p < 1, there is a constant A(p) such 
that 
II 1 IIP G 4P) II 24 Ill 
for all u E L1. 
This follows from Theorem 4b by a standard argument, see 
[lo, p. 65-J. 
5. APPLICATIONS 
We now indicate briefly the relation of the results of the proceeding 
section to the theorems of Helson-Szegii and Devinatz mentioned in 
the introduction. 
THEOREM 5a. (Helson-&ego). Let A be a weak* Dirichlet algebra 
on (X, dm). Let w be a nonnegative function in Ll(dm). A necessary and 
suficient condition for the existence of a constant C such that 
is that w = exp(u + 5) where u, v E ReL" and 11 v lloo < r/2. 
THEOREM 5b. (Devinatz). Let A be a weak* Dirichlet algebra on 
(X, dm). Let q~ be an element of L”(dm). Define the Toeplitz operator T, 
on H2 by T,h = P(vh) h w ere P is the orthogonal projection of L2 onto 
H2. A necessary and suficient condition for T, to be invertible is that 
q~ = exp(u + ic + iV + iw) where c is a real constant, u, v, w E Re L”, 
and II w Ilm < m/2. 
Theorem 5a was stated and proved for the disk algebra by Helson 
and Szegii [S]. The proof for Dirichlet algebras is due to Devinatz. 
His proof uses the theory of HP spaces for Dirichlet algebras and the 
properties of the conjugation operator to develop certain crucial 
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properties of outer functions in Dirichlet algebras [3; Theorems 11, 
12, 131. From that point the proof proceeds on the pattern of the proof 
given by Helson and &ego. The theory of HP spaces for weak* 
Dirichlet algebras as developed by Srinivasan and Wang together with 
the results of the previous sections allow Devinatz’s proofs to be 
adapted to weak* Dirichlet algebras. 
An interesting application of this theorem is found in work by 
Coifman and Weiss [I]. 
Theorem 5b was first proved by Devinatz [2] for the disk algebra. 
His proof, which he later showed was also valid for Dirichlet algebras, 
reduces the problem of proving Theorem 5b to that of proving a 
result equivalent to the original Helson-Szego theorem. Since this 
reduction is effective for weak* Dirichlet algebras Theorem 5b follows 
from Theorem 5a. However, Theorem 5b can be proved directly and 
a bit more simply. One such proof is sketched (in the context of the 
disk algebra) by Douglas [4, Ch. 71. 
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